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Output Feedback Form and Adaptive Stabilization
of a Nonlinear Aeroelastic System

Sahjendra N. Singh* and Ling Wang"
University of Nevada, Las Vegas, Las Vegas, Nevada 89154-4026

The question of output feedback representation and the design of a new adaptive control system for the control of
an aeroelastic system using a single output feedback are treated. The chosen dynamic model describes the nonlinear
plunge and pitch motion of a wing. The parameters of the system are assumed to be completely unknown. For
the derivation of control law, the existence of output feedback forms of the model is examined. It is shown that
for the choice of pitch angle as an output, an output feedback form of the system can be derived, but this kind of
representation is not possible if the plunge displacement is chosen as an output. As such, adaptive control of the
aerolastic model based on the backstepping design technique by plunge displacement feedback is not feasible. Then
a global diffeomorphism is constructed for obtaining an output feedback form of the model when the pitch angle is
the output. Based on this output feedback form and a backstepping design technique, an adaptive control law for
the trajectory control of the pitch angle is derived. For the synthesis of the controller, only the pitch angle is used.
It is shown that, in the closed-loop system, pitch angle trajectory control is accomplished and that the state vector
asymptotically converges to the origin in spite of the uncertainties in the model using only pitch angle feedback.

Nomenclature

A, Ay, = system matrices

a = nondimensionalizeddistance from
the midchord to the elastic axis

b = semichord of the wing

¢ = structural damping coefficient in plunge
due to viscous damping

Cq = structural damping coefficient in pitch
due to viscous damping

h = plunge displacement

I, = mass moment of inertia of the wing
about the elastic axis

ky, = structural spring constant in plunge

kg = structural spring constant in pitch

my = total mass of the wing and its support structure

My = mass of the wing

q,x,x = state variables, estimation error

U = freestream velocity

Vi = Lyapunov functions

Vi, i = componentsof Q

Xq = nondimensionalizeddistance measured
from the elastic axis to the center of mass

o = pitchangle

B = flap deflection

Iy, ¢, l;,d; = designparameters

0,p,0,p = parameters; estimate of parameters

£ Q = filter states

0 = density of air

I. Introduction

EROELASTIC systems exhibit a variety of phenomena in-
cluding instability, limit cycle, and even chaotic vibration.! =
Active control of aeroelastic instability is an important problem.
Researchers have analyzed the stability properties of aeroelastic
systems and designed controllers for flutter suppression. Digital
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adaptive control of a linear autoregressive moving average aeroser-
voelastic model has been considered* At NASA Langley Research
Center, a benchmark active control technique (BACT) wind-tunnel
model has been designed,and control algorithms for flutter suppres-
sion have been developed’~'° In Refs. 6 and 7, unsteady aerody-
namic data and flutter instability for the BACT projectmodel are de-
scribed. A robust flutter-suppressioncontrol law using the classical
and minmax methods has been derived ® Robust passification tech-
niques have been used in Ref. 9 for control. Two linear parameter-
varying, gain scheduled controllershave been designedin Ref. 10. A
computational two-dimensional aeroservoelasticity study has been
done."" Active control of transonic wind-tunnel model using neural
networks has been considered.'> For an aeroelastic apparatus, con-
trol systems have been designed using feedback linearization and
adaptive control strategies.*~'® Adaptive control of an aeroelastic
system using both plunge displacement and pitch angle feedback
has been considered.'® An output feedback adaptive controller us-
ing a high-gain observer has been designed.!® The Euler-Lagrange
theory for controlling an aeroelastic model has been used."”

A question of interest arises: Is it possible to design adaptive
control systems for the stabilization of the aeroelastic system using
a single measurement? If this can be done, then stabilization will
be accomplished by utilizing a single sensor. Because pitch angle
and plunge displacementare the two key variables that describe the
dynamics of the aeroelastic model, one would like to explore if the
pitch angle or the plunge displacement can be used for feedback
control synthesis and stabilization.

The contribution of this paper lies in the derivation of an out-
put feedback form and the design of an adaptive control law for
the control of a nonlinear aeroelastic system using a single out-
put measurement. A single trailing-edge control surface is used for
the control of the system. For the output feedback design, it is es-
sential to obtain an output feedback form of the aeroelastic model
for an appropriate choice of an output variable. It is shown that,
for the model with plunge displacement as an output, its output
feedback form does not exist, and based on the backsteppingdesign
technique,?®?' a feedbacklinearizing adaptivelaw using plunge dis-
placement feedback is not feasible. Then for the choice of the pitch
angle as an output, a global diffeomorphism for transforming the
model into an outputfeedback formis derived. Based on a backstep-
ping design technique?' and the output feedback form of the model,
an adaptive control law for the control of the pitch angle trajectory
is developed. It is shown that, in the closed-loop system, the state
vector of the aeroelastic system asymptotically converges to the ori-
gin in spite of the uncertaintiesin the system using only pitch angle
measurement.
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Interestingly, Mukhopadhyay® has shown that although pitch and
pitch rate feedback can suppress the flutter of a NACA 0012 wing
model, for robustness one also needs to feedback the plunge accel-
eration. Here adaptive control system uses only pitch angle for syn-
thesis, but filters are designed that estimate all of the state variables
of a related system for feedback. The filter states include the effect
of plunge motion. The pitch angle can be derived from signals mea-
sured by two accelerometers® Note that this adaptive design does
notrequire any knowledge of system parameters nor does it impose
any restriction on the bounds of the uncertain parameters. Thus,
the aerodynamic force and moment and the damping and spring
constants in plunge and pitch, as well as the mass and inertia of
the wing, are assumed to be completely unknown to the designer.
However, it is assumed that uncertain functions are linearly param-
eterized. Also note that this adaptive pitch angle feedback design
assumes that only the unknown plunge spring is linear because it
is not possible to obtain an output feedback form of the model for
design if it has plunge spring nonlinearity.

II. Aeroelastic Model and Control Problem

The prototypical aeroelastic wing section is shown in Fig. 1. The
governingequations of motion are providedin Ref. 17 and are given
by

mr myx,b | [h ¢ 07[h
meotb.f IO( 0( + O Co( 0(
kh 0 h —L
o5 sl =[]

In Eq. (1), M and L are the aerodynamic lift and moment. It is
assumed that the quasi-steady aerodynamic force and moment are
of the form

L = pUbc,[a+ (h/U) + (L —a)b,(@/U)] + pU?b,c;, B

M = pUblc,, [o+ (h/U) + (2 — a)by(a/U)]| + pU%b2c,,, B
(2)
where ¢;, and ¢, are the lift and moment coefficients per angle
of attack and ciy and Ciy are lift and moment coefficients per con-
trol surface deflection. Although, other forms of nonlinear spring
stiffness associated with the pitch motion can be considered, for

purposes of illustration, the function k, () is considered as a poly-
nomial nonlinearity given by

kq (o) = 6.833 +9.967a + 667.685a* + 26.569a° — 5087.931a*

Defining the state vector ¢ = («, h, «, h)T, one obtains a state
variable representationof Eq. (1) in the form

. O2><2 12><2 O2><l O2><l
= + Ky, (00) +
s LA T i S P
= Qg+ pk,, (@) +2pB 3)

where  aky =akyy +Knys  Kny = kay @2 + koyo® + koy ot + ko,
Po=(Por, Po2)", 8o = (801, 802)", 8=, gH)", p=(0",p)", 0

0N a

c=2*b

Fig.1 Aeroelastic model.

5 —=taxb

elastic axis

and / denote null and identity matrices of appropriate dimensions
and

o — (kU +mrd k) —ks
l ~(kaU? = myxobyd k) —ki

M, = |:—C41 —531:|
—C  —Cp
The expressionfor the parametersk;, d, ¢;;, o, and fo, are givenin
the Appendix. It is assumed that all of the matrices and parameters

M;, po, g9, and k,;, i =0, 1,...,4, of the model equation (3) are
unknown.

Let
f(q) = 0q +pk, (o) 4)

Writing Eq. (3) in a compact form yields
q9=f(q+gp (5)

Associated with system equation (5), consider an output
Yy =c(q), YyER 6)

and a smooth reference trajectory y, converging to zero. The out-
put y is chosen such that trajectory tracking of y, accomplishes
stabilization of the aerolastic system, that is, as the tracking error
y —, tends to zero, g(¢) also converges to zero. Here the objec-
tive is to derive an adaptive control law for the trajectory control
of y that requires a minimal set of measurements (possibly a single
measurement y =h or y = «) for the synthesis of the controller.

III. Output Feedback Form, Filters,
and State Estimation

For output feedback linearizing adaptive control of the system,
it is essential to obtain an output feedback form of the model by
a suitable change of coordinates. However, not all systems can be
transformed into output feedback forms. Here we explore the pos-
sibility of transforming Eq. (5) into an appropriate output feedback
form by the choice of the plunge displacementor pitch angle as an
output variable.

A. Existence of Output Feedback Form

This subsection examines the question of existence of an out-
put feedback form for the model. We seek a diffeomorphism 7'
UO — R4’

x=T(p), TO)=0 7

which gives a new representationof the system equations(5) and (6)
of the form*?
x = Apx+ oy, B), y=11,0,0,0k ®)

where ¢ € R* is a vector function of the output and input variables,
Uy is an open setin R* containing the origin, and

0100
0010
Ay =
0001
0000

The system equation (8) is said to be in an output feedback form.

Define the Lie derivative of c(gq) along the vector field
f as Lyc(q)=I[dc(q)/9qlf(q), the Lie bracket of any two
vector fields v(q) and w(q) as [v,w]=(dw/dq)v — (dv/dq)w,
and dc(q) =09c(q)/dq. The Lie bracket of [v,w] is also
denotedas ad'w =ad,(ad ~'w), ad!w = ad,w, and ad’w =w. Let
Lic=L;L"~ 'cand LY c = c. The following lemma providesa nec-
essary and sufficient condition for the existence of an output feed-
back form of the system equations (5) and (6).2?
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Lemma: There exists a local diffeomorphism in an open set
U, € R* containingthe origing =0,x =T (q) with T (0) =0,x € R*
that transforms the system equations (5) and (6) into an output
feedback form Eq. (8) if and only if, in Uy, the following con-
ditions hold: 1) rank {dc, d(L sc), ....,d(L3fc)}=4, the dimen-
sion of the state space, 2) [ad}r,ad}r]:O, 0<i,j<3, and 3)
(g, ad}r]=0,0< j <2 with r € R* being the vector field solution
of

(de,r)
(dLc,r)
<dL2fc,r>
<dL3fc,r>

©

- O O O

where (d(L.c),r) = (3L';c/dg)r. Also T is a global diffeomor-
phism if and only if conditions 1-3 hold in R* and, in addition,
4) adifr, 0 <i <3, are complete vector fields.

For the existence of an output feedback form of the aeroelastic
model, the following resultis stated.

Corollary. Consider the aeroelastic system equations (5) and (6)
for which the outputis y = c(q) = h, the plunge displacement. Then
there does not exist a local diffeomorphismtransforming the system
into an output feedback form. However, for the outputy =c(q) = «,
the pitch angle, a global diffeomorphism exists that gives a new
representationequation (8) of the aeroelastic model.

Proof: The proof of the negativeresultfor y = & is providedin the
Appendix. For the choice of the output y = «, it can be shown that
the lemma holds for all ¢ € R*, and, therefore, an output feedback
form exists.

Apparently, because of nonexistenceof an output feedback form,
plunge displacement trajectory control by feedback of & based on
the backstepping technique?' is not feasible. However, using the
adaptive control system of Ref. 16, one can accomplish plunge dis-
placement control by feedback of / and «.

B. Output Feedback Form: Pitch Angle as Output

In this subsection,arepresentationof the systemin an outputform
is derived for which the pitch angle is the output. According to the
corollary, for y =«, an output feedback form exists. Now a linear
transformation x = T'q, where T is a 4 x 4 nonsingular matrix, is
obtained for transforming Eqgs. (5) and (6) into Eq. (8).

Let y =c(q) = «, the pitch angle, be the measured output. For the
derivation of an output feedback form, it will be convenientto write
Eq. (5) as

g=0q+v
where
v(t) = pkuo (@) + 8B (10)

is treated as an input vector and one sets f = Qq to applying the
lemma. Then when f = Qgq is used, it is easy to check that

dc(q):a—“=[1,o,o,01qé0q (11)
aq
L'.C(q) = CQ'q (12)
d[L.C(g] = co’, j=0 (13)

The rank condition 1 of the lemma can be satisfied if and only if
0. =[C",(CO),....(CO)') (14)

is nonsingular. Note that O, is the observability matrix of the lin-
earized model Eq. (1). For model (1), O, is found to be nonsingular.
Because (dL"fC, r)=CQ’r, Eq. (9) yields

Cr 0
CQr 0
= 15
CQ*r 0 (15)
CQ’r 1

In view of the nonsingularity of O, for the observable aeroelastic
system, Eq. (15) has a unique solution for r

r=0;'10,0,0,1]"

Then a global change of coordinates x = T'q (Ref. 22) transforms
Eq. (3) into an output feedback form, where

T-!' =[Q%, Q°r, Or,r] (16)
Let
det(M] — Q) = A* 4+ n3A3 + oA + nd + ny (17)
By the Caley-Hamilton theorem one has
0'=—n;0° —ny 0> —n Q0 — nyl (18)
In view of Eq. (18), when TQT ! is evaluated, it can be easily seen

that an output feedback form of Eq. (3) is similar to Eq. (8) and is
given by??

Y= 0as x +pky, (@) +gB
X = Ak + ¢, B) (20)

where  ¢(a, B) = —nx, +pky(@) +gB, n=[n;,ny, 1", n=

(2", nol", g=Tg=1[81.82 8. 81", p=TPp=[p1. p2. p3. pal",
x =[x, x5, x3,x4]7, and y =x; = . Then in view of Eq. (4), one
has

& =y =Cq=C[0q+pk, +&B] =C0q=COT'x (21)
which, using Egs. (15), (16), and (18), yields
X = C[Q*, Q°r, Q°r, Qrlx = [—n3, 1,0, 0x (22)
This implies that that p; = g, = 0. Define
¢, B) = —na +pk,, +gB = F'(«, §)0 (23)

where 0 =(g>, &3, 84, =1, P2Pus P3Pa> PaPa, )" €RY, p,=
(kayy s Koy s kg » kay), and the 4 x 19 matrix F7 is

FT = (Be,, Bes, Beu, ae,, ae,, aes, aey, d’er, ey, a'es, ey,
a’es, ey, a'es, ades, dles, ey, ey, a5e4)

Here e, is a vector of appropriate dimension whose kth element is
one and the remaining elements are zero.

C. Filters and State Estimation

In the absence of full state measurement, it is necessary to design
certain filters for obtaining an estimate of the state vector. When the
definition of matrix F is used, Eq. (19) can be written as

x=Ax+la+ F (o, p)O (24)

Wherelz(ll,12,13,l4)T =(l_T,l4)T and

. [ -1 I, z:|
_14 Ol x3
The vector I is chosen so that A is a stable matrix. Equation (24)
is a canonical representation of the system equation (1) in which
A is in a special from, the regressor matrix F is a function of the
measured variable o and the input 8, and all unknown parameters
of the system are included in the vector 6.
Now based on Ref. 21, certain filters are designed for estimating
the state vector x. In view of Eq. (24), following Ref. 21, filters are
given by

€= A€ +la, Q" =AQ" + F' (o, B) (25)
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where £ € R* and Q7 € R**'°, Define a state estimate as
i=£+Q70 (26)

and let the state error be ¥ = (x — x). When Eqgs. (24-26) are used,
it follows that the error X is governed by

F= A% 27)

Because A is a Hurwitz matrix, X(¢) — 0 as t — 00 and, therefore,
x(t) asymptotically converges to x(t).

For simplicity in synthesis, and in view of the special form of the
matrix F, one can reduce the dimension of the Q filter. Define

Q= [v2, vi,vo, 81,82, ...,816] = [V2,v1, V0, S] (28)

where each column of Q7 is a 4 x 1 vector. Because of the special
structure of FT, it follows from Eq. (25) that v; and s; satisfy

11'2=AV2+82/3, l:'1 =AV1 +83/3, l:'():AV() +e4/3

S‘] = AS[ + e, S.‘z = AS2 + e, S-; = AS3 +830(

.5:4 = AS4 + e, S.‘5 = AS5 +820(2, S.‘g = AS6 +820(3

s7= As; +exat, §s = Asg + ey, So = Asy + e30°

S10=Asio+esa’, $1 = As)) + ezt S12=Aspy + e300

$13= As3 +es0?, Si4=As 1y +e,0’, §15s = Asyy + et

5:16 = AS16 + 840(5 (29)

When it is noted that e; = Aey, e, = Aes, and e; = Ae,, in view of
Eq. (29) one finds that

v, = Ay, vy, = Ay, 5 = Adsy, 5, = Als,
0
53 = Asy, §5 = A2S13, S6 = A2S14, §7 = A2S15
2
55 = A’s16, 59 = Asys, s10 = Asy4, s = Asis
s12 = Asis (30)

That is, Q can be obtained by using Eq. (30) for synthesis if v, and
Si, k=4,13,14, 15, and 16, are available. Thus, for synthesis, one
needs filters of dimension 24. Note that the state estimate X cannot
be computed using Eq. (26), but it is useful for the subsequent
development.

IV. Adaptive Pitch Angle Control Law
This section considers the design of control system using only
pitch angle measurement. Let y, be a smooth trajectory that is to
be tracked by «. In view of Egs. (24) and (26), the derivative of the
controlled output variable « is given by

d=x2—n3a=§2+9{2)0+f2—n30( (3])

where Q(Tk), &, and X, denote kth rows of Q7 £, and X, respectively.

When the definitions of @ and Q7 are used, and when it is noted that
—n;=el 0, Eq. (31) yields

o'z=g2v22+§2 +)E2+L:’T0 (32)
where @” = (0, vi2, Vo2, Siz)) + €] & and v;; and Sy, are the kth rows
of v; and S, respectively. Because we are interestedin the trajectory
control of y =, consider the tracking error z; defined as

21=Y =Y (33)

Now the controller design is performed in two steps following a
backstepping technique 2!
Step 1 is as follows: The derivative of z, is

Li=gunt+&E+EH+e"0—y, (34)

Because v, is treated as a virtual control for controlling z;, define
L =Un = P — o (35)

where 0 is an estimate of p = g;l and «; is the stabilizing function
yet to be chosen. Using Eq. (35) in Eq. (34) yields

L=+ 6+ olta +63]+0 60—, (36)
The stabilizing function «; is chosen as
ap = pay, o = —CZ) —gz—QTé—dIZI (37)
where ¢;, d; > 0 and 6 is an estimate of 6.
Note that g,0 =g2(p — p) =1 — g, it follows from Egs. (36)
and (37) that
4 =gt — §pE + @10 —diz + %, — g2pY, — iz (38)
Now consider a Lyapunov function of the form

Vi=d'#F P+ (2 + Igly 15 /2 (39)

where y > 0 and the positive definite symmetric matrix P satisfies
the Lyapunov equation

PA+ATP = -1, , (40)

Because A is a stable matrix, P is the unique solution of Eq. (40).
The derivative of V| is given by

Vi=d'\GTPE+E PR+ —lnly T hp (A1)
Substituting Egs. (27), (38), and (40) in Eq. (41) yields
v, = 822122 + @Téll - CIZ% - (|f|2/d1) — 820021 — dlZ%

iz — (Dlgal /v)B — 8269, (42)

where | - | denotes the Euclidean norm of a vector. Using Young’s
inequality?' one has

%1 < lla)| < d i+ 53/ @dd) < di? + 152/@4d)  (43)
Using Eq. (43) in (42) yields

Vi < 8212 + @70z, — ;22 — (31717 /4d))

+21l—8:8 — 23,1 — (plgalp/v) (44)

Because o is unknown, this can be eliminated from Eq. (44) by
choosing an update law of the form

p =~y sign(g:)[z1(@ + 3] (45)
Now substituting the update law in Eq. (44) yields
Vi < —a122 — B/4d)IR)? + @70z + g2212 (46)
Step 2 is as follows: The derivative of z, is given by
fy = — p¥r — Pl — & @7

Because «; is a function of p, &, S@), vi2, Vo2, ¥r, 6, and xy, its
derivative is given by

. doy . +3011. +3011;+3011é+80(1 7
a = v — — —_ o
YT oun P v app 08 3Sa) @
day . day +  doy ., day \ .
+ 2y 4+ =0+ =L =g+ [ — )5 (48)
ayr 90 0x dx)

where a, is obtained by comparing terms in Eq. (48). For the com-
putation of ay, .the derivatives of various signals are substituted in
Eq. (48), but 0 is yet to be determined.
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Adding and subtractingappropriate é—dependentterms and using
Eq. (31) in (48) yields

. da - . - ~
o) = ay + (8_1> (éQ + 9{2)0 + X, + 040() =a; + ax, +u§0
X N
(49)
where
80(1 T A A
a; = ay+ —(52 + 9(2)0 + 04oz>,
0x;
80(1
ol = B_xI(Q(TD +ela)
Substituting Eq. (49) in (47) yields
2 = —hvy v+ — )5)’» — p¥, —a; —a X, — llgTé
ia*—apb—ugé-i-ﬂ (50)

where a* = —lL v, + vy3 — ;5)’; — Py, —ay.
In view of Eq. (50), we choose control 8 as

B=—a"—cz— d2|02|222 — &z (51)
Substituting 8 in Eq. (50) yields
=~ — d2|a2|2z2 — £221 — @X, —llgTé (52)
Now consider a Lyapunov function
Vo=V, +d; ¥ Pi+ (2 +67T7'0) /2 (53)

where T is a positive definite symmetric matrix. In view of Eq. (40),
the derivative of V; is given by

Vo = Vi — (11 /dy) + 222, — 67776 (54)
Using Eq. (46) in (54) and noting that g, =6, yields

Vo < —c122 — (31%1%/4d)) + @70z, + (6, + 612122 — €222

—dy221ay* — 6,212, — 22055, — al 02,
—0'r10 - (1§ /dy) (55)
Define
T = (W2 +€12122 — a323) (56)
Using Young’s inequality, one has
20, %,| < |2allasll%sl < dy23|al| + (|%2] /4dy) (57

Substituting Eqs. (56) and (57) in (55) and noting that |, |* < |x|?,
one has

Vo < —122 — 0z — 2(d; ! +dy )R+ 07 (r —T ') (58)
Now one chooses the adaptation law for 0 as

6=TIT1 (59)
which yields
V, < =12 — ez — 3(dy! +d) ") IR (60)

Because V; is a positive definite function and V2 <0, it follows that
Zi, p, 0, and x are bounded. Now when arguments are used similar
to those used in the stability proof of Ref. 21 (pp. 340-342) and it
is assumed that the zero dynamics> are stable, the following result
can be stated.

Theorem: Consider the closed-loop system Egs. (3), (45), (51),
and (59). Suppose that y, is a bounded, smooth reference trajectory
converging to zero and that the zero dynamics of the system are

stable. Then the solution of systemequation (1) beginning from any
initial condition g(0) € R* is such that the tracking error (o — y,)
tends to zero and the state g converges to the origin as t — oo.

The zero dynamics describe the internal dynamics of the system
when the output y = « is identically zero. For the control of «, the
theorem assumes that the zero dynamics are stable. The transfer
function of the linearized system Eq. (19), that is, k,, =0, is

$(s)/B(s) = N(s)D™'(s)

where (-) denotes the Laplace transform, N (s) = g,5% + g35 + g4,
and D(s) = s* + n3s3 +n,s> + ns + ny. The system has stable zero
dynamics if the polynomial N is Hurwitz. The stability properties
of zero dynamics have been extensively examined in Refs. 13, 14,
and 16. Note that stability of the zero dynamics is essential even in
the nonadaptive output trajectory control systems.

V. Simulation Results

In this section, numerical results for the pitch angle control are
presented. The parameters of the system are givenin the Appendix.
Simulation is performed for different values of a and U. A third-
order filter of the form

(> + 32+ 322 + 1Y)y, =0 (61)

is used to obtain exponentially decaying trajectories to zero,
where A > 0. The initial conditions selected are a(0) =5.75 deg,
h(0)=0.01 m, 2(0)=0, and «(0) =0 deg/s. The initial condi-
tions of the command generator are set as y,(0) =5.75 deg and
¥,(0) = §,(0) = 0. The initial conditions for the parameters &, (0),
25(0), 84(0), 8, and p are assumed to be zero. Of course, thisis rather
a bad choice of parameter estimates, but this selection has been
made to show the robustness of the controller. The initial states of
the filters are set as Q(0) =0 and £(0) =0. The design parameters
are selected as ¢; =¢c, =d, =d, =70, y =0.015, ' =3001,9 19,
1, =20, 1, =150, /3 =500, and I, = 625. For these values of /;, the
eigenvalues of A are at —5. Note that the origin of the open-loop
model Eq. (1) is unstable. For the uncontrolled system, persistent
periodic oscillations exist (Fig. 2).

A. Casel

The closed-loopsystem Eq. (1) with the controllaw Eq. (51) and
the update laws Egs. (45) and (59) fora = —0.6847 and U = 16 m/s
is simulated. For the chosenvalueofa and U, onehas g, = —0.0182,
g3 =—0.0629, and g, = —4.6190 and the zeros of the transfer func-
tion [i.e., the roots of N (s) = g,5% + g35 + g4 = 0] of the linearized
model Eq. (1) are at —1.7274 + 15.8340i and —1.7274 — 15.8340i
in the complex plane. Thus, the zero dynamics are stable. Selected
responses are shown in Fig. 3. We observe that, after an initial
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Fig.2 Open-loop response.
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Fig. 3 Pitch angle control « =— 0.6847 and U =16 m/s.

transient, the pitch angle asymptotically tracks the command trajec-
tory. The response time is of the order of 4 s. Only a small control
magnitude (less than 15 deg) is required for control. Because the
zero dynamics are stable, the plunge displacement also converges
to zero as predicted.

B. Case2

To examine the sensitivity of the controller with respect to
the freestream velocity U, the closed-loop system with a dif-
ferent value of U =20 m/s is simulated. For this new value of
U, one has g, =—0.0284, g3 =—0.1055, and g4, =—7.2171 and
the zeros of the transfer function are at —1.8534+415.8197i and
—1.8534 — 15.8197i, which are stable. We observe that the pitch
angle asymptotically tracks the command trajectory (Fig. 4), but
smaller control magnitude (less than 12 deg) is required due to in-
creased effectiveness of the control surface. The response time is of
the order of 4 s. The plunge displacementalso converges to zero as
predicted.

C. Case3

To examine the sensitivity of the controller with respect to pa-
rameter a, the closed-loop system for a different value of a = —0.8,
but with U =16 m/s as in case 1 is simulated. For the chosen
values of a and U, one has g, =—0.0167, g3 =—0.0547, and
g4=—4.3960 and the zeros are located at —1.6393 4 16.1436i
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Fig. 4 Pitch angle control « =— 0.6847 and U =20 m/s.
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Fig.5 Pitch angle controla =— 0.8 and U =16 m/s.

and —1.6393 — 16.1436i. We observe that, although the pitch an-
gle asymptotically tracks the command trajectory (Fig. 5), slightly
larger control magnitude (about 16 deg) is required. The response
time is of the order of 4 s. The plunge displacementalso converges
to zero as predicted because the zero dynamics are stable.

VI. Conclusions

The existence of output feedback forms and the adaptive stabi-
lization of an aeroelastic system using a single output measurement
were considered. It was shown that, for the choice of the plunge dis-
placement as an output, one cannot obtain an output feedback form
and design an adaptive controllerusing backsteppingtechnique with
output feedback. Then an output feedback form of the model with
the pitch angle as an output was obtained, and an adaptive stabilizer
using only pitch angle feedback was designed. In the closed-loop
system, asymptotic regulation of the state vector to the origin was
accomplished. Simulation results were presented that showed that
control of the pitch angle and the regulation of the state vector to
the origin can be accomplished using only the pitch angle feedback
in spite of the uncertainties in the system parameters. The adap-
tive controller has several design parameters that can be adjusted to
obtain desirable response characteristics.
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Appendix: Proof of Corollary, System Parameters,
and System Variables

The proof of the corollary follows. It is shown here that, for
y=c(q) =h, the plunge displacement, the lemma does not hold
and that there does not exist an output feedback form. Computing
the Lie derivatives gives

Lc=h (AD)

1 Oc _
Lic= 8qf(q)_h (A2)

ah
Lic= g7 @ =10.0.0.11@ = Mg+ pokis(@)  (A3)

= M5 Qq + (ma3 po; + Moy poo)kue (@) + pook, () (A4)

where My is the second row of M =[M,, M,] and M, is the ikth
elementof M and k, ,(a) = 0k, /0cc. Using Eqs. (A1-A4), one has
[note that d(-) = d(-)/9q]

dec=10,1,0,0], d(Lsc) =1[0,0,0,1]
d(LZfC) = I:M(Q) + pmkﬁmelT:I
d(Lf3c) = [M(z)Q + (my por + Moy p)k. el

+ po2k! cel + pozkﬁmeg:l

o

where eI.T € R*, a row vector in which the ith element is 1 and the
remaining elements are zero.
Letr={ry, 2, r3, r4]", then Eq. (9) of the lemma gives
(de,r)=0=>r,=0, (d(L;,C,r)=0=r,=0

and r; and r; can be obtained by solving the simplified form of
Eq. (9),

@(zien)] |:m21 + Pk, mo } [”} - m (A3)
(d(Lc). ) s(a, @) pook, | |73 :
where s (o, &) = M) Q1 + (m23 po1 +maspoa)ky, + Po2k,, & Solv-
ing Eq. (A5) yields

] PN R
r] T Al @) [ma + perkl, (@)

where A = (my + byk, ) pook), — mas(a, &). Thus, 7 and r5 are
nonlinear functions of « and «. Condition 3 of the lemma for j =0
given by

or or or or
5r]=—z=2L + — = — =0 A7
[g,r] qu 8ozgm 8hg02 aagm (A7)
implies that (note that r, =0 and r4 =0)
ar
i, i=13 (A8)
Ja

In of view of Eq. (A8), r; and r; must be independentof &, which
is a contradictionaccording to Eq. (A6) in which they are functions
of &. Thus, the lemma does not hold for y = A, and there does not
exist an output feedback form in this case.

The system parameters are as follows:

b =0.135m, k, = 2844.4 N/m, ¢, = 27.43 Ns/m
¢, = 0.036 Ns, p = 1.225kg/m’, Clo =6.28
ey = 3.358, Cna = (0.5 + @), Cnp = —0.635

mr = 12.387 kg, my = 2.0490 kg

I, = myx2b* + 0.0517 kgm®
Xq = [0.0873 — (by + ab,)]/b,
The system variables are given by
d =mgl, —myx2b?)
ky = Ik, /d
ky = (I,pbc, +myx,bpc,,)/d
ky = —my x,bk, /d
ky = (—myx,0*pery — mrpbie,,)/d
en = [Lu(en + pUbc) + myx,pUb%c,, | /d
en = [LpUb%c (% — a) — myx,be,
+myx,pUb%,, (3 —a)]/d
31 = (=myx,be, —myx, pUbc,, — mppUbe,,) [d
co = [mreq —myx,pUbce (2 —a) —mrpUbic,q(+ —a)]/d
go1 = U (mwx,b*pey +mypbe,ys) /d

802 = UZ(_ImObCIﬁ - meab3pcmﬁ)/d

| —mr/d
Po=\ yx,b/d
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